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Vectors:

A vector is a matrix that has only one row — then we call the matrix a
row vector — or only one column — then we call it a column vector.
A row vector is of the form:a=[a, a, ... a,]

A column vector is of the form:

A quantity such as force, displacement, or velocity is called a vector and is
represented by a directed line segment

Initial
point

A vector in the plane is directed line segment. The directed line segment
AB has initial point A and terminal point B; its length is denoted by [A8|.

Two vectors are equal if they have the same length and direction.

A= |
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Component form

If v is a two dimensional vector in the plane equal to the vector with
initial point at the origin and terminal point (v,v,) ,then the Component
form of v is:

v=(vy,V,)

If v is a three dimensional vector in the plane equal to the vector with

initial point at the origin and terminal point (v,v,,v;), then the Component

form of v is:
V= (Vp,Vy, V)
E x5, ¥3. 25)
Pr“r“}'“i}_.".r- (V1 Va2, v3)

Position vector
e

The numbers v,,v, and v, are called the components of v.

Given the points P(x,y,.z) and Q(x,,v,,z,), the standard position vector
v=(v,Vv,,v;) equal to PQ is

V=X, =X, Yo=Y, , Z,— 7))

The magnitude or length of the vector v=PQ is the nonnegative number

v = Vv, v = (G —x)2+ (Y, - )2 + (2, —2,)°
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The only vector with length 0 is the zero vector 0=(0,0) or 0=(0,0,0). This
vector is also the only vector with no specific direction.

Example: Find the component form and the length of the vector with initial
point P(-3,4,1) and terminal point Q(-5,2,2)

Solution:

a) v=(-5+3, 2-4, 2-1)

The component form of PQ is v=(-2,-2,1)

b) The length or magnitude of v=pPQ is |v|=\/ (22 + (-2)? + ()2 =/9=3

Vector Addition and Multiplication of a vector by a scalar
Let u=(u,u,,u) and v=(v,v,,v,) be vectors with k a scalar.
Addition:
u+v=_U,+Vv,, U, +V,, Uy +V,)
Scalar multiplication: ku = (ku,, ku,, ku,)
If the length of ku is the absolute value of the scalar k times the length
of u. The vector (-1u=-u has the same length as u but points in the

opposite direction.

&
<
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If u=(u,u,,u) and v=(v,v,,v;), u=v=_U -V, U, —V,, U;—V,)

Note that (u-v)+v=u and the difference u-v as the sum u+(-v)

-V

u+ (—v)

.

Example.: Let u=(-131) and v =(4,7,0) vectors, find

a) 2u+3v b) u-v C) %u

Solution:
a) 2u+3v=(-2,6,2)+(12,21,0)=(10,27,2)
b) u-v=(-5,-4,1)

o == 2 2= o
2 2 2 2 2
Properties of vector operations:

Letu , vand w be vectorsand a and b be scalars.

1) u+v=v+u

3) u+0=u

5) Ou=0

7) a(bu) = (ab)u

9) (a+b)u=au+bu

2) (U+Vv)+w=U+(Vv+w)
4) u+(-u)=0
6) Iu=u

8) a(u+v)=au+av
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Unit vectors
A vector v of length 1 is called unit vector. The standard unit vectors

are:
=100 , j=(010 , k=(00)

v=(v,V,,V;)=(v,0,0)+(0,v,,0)+(0,0,v;)
=v,(1,0,0) +v,(0,1,0) +v,(0,0,1)
=V,i +V, ]+ VK

We call the scalar (or number) v, the i-component of the vector v , v, the
j-component of the vector v, and v, the k-component. In component form,
RO Y0 2) and Py(x,,¥,,2,) 1S

PP, = (% —x)i+ (Y, — Y)i + (2, —2)k

If v=0, then
V - - -
u = — IS a unit vector in the
|V| ‘; Gﬁ: =_1’2i +}'2j +E:k
direction of v, called the direction Pa(xs, V2. 23)

of the nonzero vector v.

/ = Piix). ¥y, 21)

D'.F"l =.I']i+}'|_j +EJ|E
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Example.:
Find a unit vector u in the direction of the points P 101 and Pr,(3.20).

Solution
PP, =(3-1)i+ (2-0)j + (0-Dk = 2i+2j-k
RP,={ @+ (2 + (D* =-9=3

u:@ _2i+2j-k _ 2i+3j—1k
PP,

3 3 3° 3

The unit vector u is the direction of pp, .

Midpoint of a line segment
The Midpoint M of a line segment

Piixy, y1. 21)
joining points P,(x,y,,z,) and P,(x,.y,,z,) IS the

: + +y +
point M(Il zxz’ . 1}2’ L 222}
(X1+X2) (y1+y2) (Zl+22)
2 2 ’ 2 Py(x3, ¥2.22)
0
Example:

The midpoint of the segment joining the points r(3-2,0) and p,(7,4,4) is

[3+7 -2+4 0+4

2 ' 2 2 ):(5’1’2)
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Product of vectors
u & Vv are vectors,
There are two kinds of multiplication of two vectors:

1- The scalar product (dot product) u.v. The result is a scalar.

2- The vector product (cross product) uxv. The result is a vector
1) The dot product

In this section, we show how to calculate easily the angle between

two vectors directly from their components. The dot product is also called

inner or scalar products because the product results in scalar, not a vector.

Def.: The dot product u-v of vectors u=(u;,u,,u;) and v=(v;,v,,v,) is:
U-v=uV, +U,V, + UV,

Note:
-1 -]
j-j1=11=1 , j-k|=0
k-k J
Example:
a)
(35)-(-1,2)=3(-1)+5(2) =7 scalar

Bi+5))-(-1+2))=7

b)
(1,-34)-(152)=1-15+8=-6 scalar

(i—3j+4k)-(i+5j+2k)=—6
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Angle between two vectors
The angle o between two nonzero vectors u=(u,u,u,) and

—

v =(v,V,,Vs) IS given by u-v:‘u v|-cosé

.

PRETRY
0 = cos ! {_,_.] Where 0 (Oﬁgﬁﬂ')
uj-|v

Example: Find the angle between two vectors

u=2i—j+2k , v=i-2j+2k inspace
u-v 2+2+4
co0Sl =——=
‘u.v VA+1+4-J1+4+4

Example:
Find the angle ¢ in the triangle ACB determined by the vertices:

A=(0,0) , B(3,5) and C(5,2)
A B(3,5)

CA=(-5-2) and CB=(-2,3)

CA-CB=(-5)(-2) +(-2)(3)=4 c62)
CA|=/(-5)* + (-2)* =29 - =

\ﬁs’\ = J(-3)2+(3)° =13

0= cos{ﬁj
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Orthogonal vectors
Vectors u=(u,u,u;) and v=(v,v,,Vv,) are orthogonal
perpendicular) if and only if u-v=0
Example:
a) u=(3-2) and v=(4,6) are orthogonal because u-v=0

b) u=3i-2j+k and v=2j+4k are orthogonal because u-v=0
¢) 0is orthogonal to every vector u since

0-u=(0,0,0)-(u,,u,,u,)
=0

Properties of the Dot product
If u,v and w areany vectors and c is a scalar, then
1) u-v=v-u
2) (cu)-v=u-(cv)=c(u-v)
3) u-(v+w)=u-v+u-w
4) u-u=luf
5) 0-u=0
Vector projection
Definition: Let @, v € IR™. Then the Vector Projection of 4 Along ¥ denoted

_ uw
_
I

— n

u: = proj.u

v is a scalar multiple of ¥ such that for some

vector w € R™ such that proj;u L wwe have that proj;u + w=1u.

(or
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Vector Projections

projvu

Example: Find the vector projection of u=6i+3j+2k onto v=i-2j-2k
Solution:

) u-v u-v 6-6—-4 . i -4 . ) -4, 8. 8
nju=|—V=—V = ——(1-21-2k) =—(—-2]-2K)=—1i+—|+—k
Prol, (sz V-V 1+4+4( J ) 9( J ) 9 9J 9

direction angles
a=angle between v and i (positive x—axis)
B=angle between v and j (positive y—axis)

y=angle between v and k (positive z—axis)

For the vector v=ai+bj+ck, the direction angles o, B, and y are:

a b b c c

a
val + Bz vl , vaZ+ B2 vl , val+ Btz v

It also tums out that cos’a + cosB + cos’y = 1

CoOEx =

10
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da

Example: Find the direction angles of the following vector v=—6i+3j—2k
a a —

cos o = - = = = —; a=149"
va®+b° + ¢ 1/(_5}2 +32 4 (—2)° I 7
b b b 3
cos I = - = = = —; B=64.6"
va?+b° +cf \/{_5}2 +32 4 (-2)° g —
-2
cosy = c = ¢ - _ —; v = 106.6"

va? +b* + ¢ \/{_5}2 +32 4 (—2)° Il 7

Homework:
1) Letu=(3,-2) and v=(-2,55)vectors. Find the component form and
magnitude (length) of the vector.

1. —2u+5v

2. §u +£v
5 5

2) Find the component form of the vector:
a. Thevector PQ wherer=(13) and Q(2,-1).
b. The vector op where O is the origin and P is the midpoint of
segment rRs , where R=(2-1) and S=(-4,3).
c. The vector from the point A=(2,3) to the origin.
d. Thesumof AB and cD ,where A=(1-1), B=(20), C=(-1,3) and
D=(-22)
3) Let v,u and w asin the figure: finda) u+v ,b) u+v+w,c) u—-v

and d) u-w

w

11
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4) Find the direction of PP, and the midpoint of line segmentrp,.
a. RB(-115) and P,(2,50)
b. P,(0,0,0) and P,(2-2,-2)

5) Findv.u, |v| , |u , the cosine of the angle between v and u , the scalar
component of u in the direction of v and the vector proj, u.

a) v=2i—4j+5k ,u=-2i+4j-+5 k
b)v:(g)i+(g)k U=5i+12]

6) Find the angles between the vectors:

a) u=2i-2j+k , v=3i+4k

2) The Cross product
The cross product is also called vector product because the product

results a vector.

Def.: The cross product uxv =(u||v| sind)n, n unit vector (normal)

perpendicular to the plane.
the area A of the parallelogram

A = |ul|v]sinf = |u x v]|. uxv

Note: The vector uxv isorthogonal to both u and v

~

12
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Parallel vectors
Nonzero vectors u and v are parallel if and only if uxv =o0.

Properties of the cross product
If u,v and w are any vectors and r, s are scalars, then
1) (ruyx(sv) = (rs)(vxu)
2) Ux(V+W)=UXV+UXW

3) (V+Ww)xu=vxu+wxu

4) vxu=—(uxv)

5) oxu=0
Notes:

ixj=—(jxi)=Kk
jxk=—(kxj)=i
kxi=—(ixk)=]
I %1

JxJ|=0

k x k

Calculating Cross product using determinants
If u=uji+u,j+uk and v=vji+v,j+vk, then
i j ok
UxV=U U, U

Vi Vo Vg

Example:

Find uxv and vxu if u=2i+ j+k and v=—-4i+3j+k

13
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Solution
I J k
1 2 12 1
uxv=|2 1 1:‘ j:'l‘ 1‘]+‘ ‘k
3 -4 -4 3
-4 31
= -2i - 6j + 10k

vxu=-(Uuxv) = 2i+6]—10k
Example: Find a vector perpendicular to the plane of P@-10),Q(21-1) and
R(-112).
Solution
The vector PQxPR is perpendicular to the plane because it is
perpendicular to both vectors.
PQ=(2-1i+@+1)j+(-1-0k = i+2j—k
PR=(-1-Di+@+1)j+(2-0)k = -2i+2j+2K
ik

PQxPR=[1 2 -1= ‘2 _Wi -‘_l ﬂ“‘-l 2‘k
o5 o] 22 22 2 2

= 61 + 6k
Example: Find a unit vector perpendicular to the plane of
P(1-10),Q(21-1) and R(-112) .
Solution

Since PQxPR is perpendicular to the plane, its direction n is a unit vector

perpendicular to the plane

 _PQxPR _6i+6k_ 1. 1.
POxPR 62 2 42

14
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Example We will compute the area of the triangle whose vertices are the points

P, = (1?1,0)?132 =(3,0,4) and P3 = (0,5,2).

This triangle 1s half of a parallelogram with adjacent sides
u=PP,=(3-1,0-1,4—0) = (3,—1,4),
v=PPs=(0-15-1,2-0)=(-1,4,2).

The area of this parallelogram 1s
lux v|=[(-1(2) — 4(4),4(-1) — 3(2), 3(4) — (=1)(-1))|
— |(—18,—-10,11)| = v/545 ~ 23.345.
Therefore, the area of the triangle is \/%f? ~~ 11.673.

Calculating the Triple scalar product (volume): also called Box product

ul u2 u3
(Uxv)-w=|v, Vv, V,
Wl W2 W3

Example: Find the volume of the box determined by u=i+2j-k, v=-2i+3k and

w=7]j-4k.
Solution
1 2 -1
(uxv)-w=|-2 0 3|=-23
0o 7 -4

The volume is |(uxv)-w= 23 units cubed.

e The triple product of three vectors u, v and w, given by |w - (u X v)|, is the volume of the
parallelepiped defined by u, v and w.

15



