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Vectors: 

A vector is a matrix that has only one row – then we call the matrix a 

row vector – or only one column – then we call it a column vector. 

A row vector is of the form:  n21 a  ...  a  aa    

A column vector is of the form: 
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A quantity such as force, displacement, or velocity is called a vector and is 

represented by a directed line segment 

 
A vector in the plane is directed line segment. The directed line segment 

AB  has initial point  A and terminal point  B; its length is denoted by AB . 

Two vectors are equal if they have the same length and direction. 
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Component form 

If v  is a two dimensional vector in the plane equal to the vector with 

initial point at the origin and terminal point ),( 21 vv  ,then the Component 

form of v  is: 

),( 21 vvv   

If v  is a three dimensional vector in the plane equal to the vector with 

initial point at the origin and terminal point ),,( 321 vvv , then the Component 

form of v  is: 

 ),,( 321 vvvv   

 

The numbers 321   and   , vvv  are called the components of v . 

Given the points ),,( 111 zyxP  and ),,( 222 zyxQ , the standard position vector 

),,( 321 vvvv   equal to PQ  is 

)  ,    , ( 121212 zzyyxxv   

The magnitude or length of the vector PQv   is the nonnegative number 
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The only vector with length 0 is the zero vector )0,0(0   or )0,0,0(0  . This 

vector is also the only vector with no specific direction. 

Example: Find the component form and the length of the vector with initial 

point )1, 4, 3(P  and terminal point )2, 2, 5(Q  

Solution: 

a) )1-2  ,  4-2  , 35( v  

The component form of PQ  is 1) , 2- , (-2v  

b) The length or magnitude of PQv   is 3  9  )1(    2)(   )2(   222 v  

 

 

Vector Addition and Multiplication of a vector by a scalar 

Let ),,( 321 uuuu   and ),,( 321 vvvv   be vectors with k a scalar. 

Addition: 

)  ,   , ( 332211 vuvuvuvu   

Scalar multiplication: ),,( 321 kukukuku   

If the length of ku  is the absolute value of the scalar k  times the length 

of u . The vector uu  )1(  has the same length as u  but points in the 

opposite direction. 
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If ),,( 321 uuuu   and ),,( 321 vvvv  , )  ,   , ( 332211 vuvuvuvu   

Note that uvvu  )(  and the difference vu   as the sum )( vu   

        

 

 

 

 

 

Example.: Let )1,3,1(u  and )0,7,4(v vectors , find 

a) vu 32            b) vu          c) u
2

1
 

Solution: 

a) 2) 27, (10,  0) 21, (12,2) 6, ,2(32  vu  

b) 1) 4,- ,5( vu  

c) 11
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Properties of vector operations: 

Let     wand    v,   u  be vectors and   b   and  a  be scalars. 

1)  uvvu                                        2)  )()( wvuwvu   

3)  uu  0                                            4)   0)(  uu   

5)  00 u                                                6)    uu 1  

7)  uabbua )()(                                        8)    avauvua  )(   

9)   buauuba  )(   
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Unit vectors 

A vector v  of length 1 is called unit vector. The standard unit vectors 

are: 

)1,0,0(      ,     )0,1,0(      ,     )0,0,1(  kji   

kvjviv

vvv

vvvvvvv

321

321

321321

                     

)1,0,0()0,1,0()0,0,1(                      

),0,0()0,,0()0,0,(),,(







 

 

We call the scalar (or number) 1v  the i-component of the vector v  , 2v  the 

 j-component of the vector v , and 3v  the k-component. In component form, 

),,( 1111 zyxP  and ),,( 2222 zyxP  is 

kzzyyxxPP )(    )j(   )i( 12121221    

If 0v , then 

     
v

v
u   is a unit vector in the 

direction of v , called the direction 

of the nonzero vector v . 
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Example.:  

Find a unit vector u  in the direction of the points  )1,0,1(1P   and  )0,2,3(2P . 

Solution 

 k-2j2i        )1-0(    0)j-2(   )i13(21  kPP  

           3  9  )1(-    (2)   )2(   222

21 PP   
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The unit vector  u  is the direction of  21PP . 

 

Midpoint of a line segment 

The Midpoint  M of a line segment 

joining points ),,( 1111 zyxP  and ),,( 2222 zyxP  is the 

point 
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Example:  

The midpoint of the segment joining the points )0,2,3(1 P  and )4,4,7(2P  is 

)2,1,5(
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Product of vectors 

u & v are vectors, 

There are two kinds of multiplication of two vectors: 

1- The scalar product (dot product) u.v. The result is a scalar. 

2- The vector product (cross product) uv. The result is a vector 

1) The dot product 

 In this section, we show how to calculate easily the angle between 

two vectors directly from their components. The dot product is also called 

inner or scalar products because the product results in scalar, not a vector.  

 

Def.: The dot product     vu   of vectors ),,( 321 uuuu   and ),,( 321 vvvv   is: 

      332211 vuvuvuvu   

 

Note: 
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Example:  
a)  

      
7)2()53(

scalar             7)2(5)1(3)2,1()5,3(





jiji
 

 

b)  

      
6)25()43(

scalar             68151)2,5,1()4,3,1(




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Angle between two vectors 

The angle       between two nonzero vectors  ),,( 321 uuuu   and  

),,( 321 vvvv   is given by   cos vuvu  
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Example: Find the angle between two vectors  

kjikjiu 22v      ,        22      in space 
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Example:  
Find the angle     in the triangle ACB determined by the vertices: 

C(5,2)  and   B(3,5)  ,   )0,0(A  
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 B(3,5) 

 
 

C(5,2) 
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Orthogonal vectors 

Vectors ),,( 321 uuuu   and ),,( 321 vvvv   are orthogonal (or 

perpendicular) if and only if  0 vu  

Example:  

a)    )6,4(  vand  )2,3( u  are orthogonal because  0 vu   

 

b)  kjkji 42   vand   23 u   are orthogonal because  0 vu  

c)  0 is orthogonal to every vector  u  since 

           
0      

),,()0,0,0(0 321



 uuuu
  

Properties of the Dot product 

If       wand      ,  vu   are any vectors and c is a scalar, then 

    1)  uvvu   

    2)  )()()( vuccvuvcu   

    3)  wuvuwvu  )(  

    4)  
2

uuu   

    5)  00 u  

Vector projection 
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Example: Find the vector projection of  kjiu 236   onto  kjiv 22     

Solution: 

kjikjikjiv
vv

vu
v

v

vu
uprojv
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direction angles 

α=angle between v and i (positive x−axis) 

β=angle between v and j (positive y−axis) 

γ=angle between v and k (positive z−axis)  

 

For the vector v=ai+bj+ck, the direction angles α, β, and γ are: 
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Example: Find the direction angles of the following vector  v=−6i+3j−2k 

 
 

Homework: 

1) Let )5,2(  vand  )2,3( u vectors. Find the component form and 

magnitude (length) of the vector. 

1. vu 52   

2. vu
5

4

5

3
  

2)  Find the component form of the vector: 

a. The vector  PQ   where Q(2,-1)  and   )3,1(P . 

b. The vector  OP   where O is the origin and  P  is the midpoint of 

segment RS  , where  )3,4(S  and   (2,-1) R . 

c. The vector from the point )3,2(A  to the origin. 

d. The sum of  AB  and  CD  , where     ,  )0,2(B  ,  (1,-1) A    and  (-1,3)C  

)2,2(D   

3)  Let     wand     ,  uv  as in the figure: find a) vu    , b) wvu  , c) vu   

and  d) wu   
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4)  Find  the direction of  
21PP  and  the midpoint of line segment 21PP . 

a. )5,1,1(1 P  and )0,5,2(2P   

b. )0,0,0(1P  and )2,2,2(2 P   

 

5) Find uv  , uv   ,    , the cosine of the angle between  uandv        ,  the scalar 

component of u in the direction of v and the vector  uprojv . 

a) kjiv  542   , kjiu   542    

b) kiv  )
5

4
()

5

3
(    ,  jiu 125    

6) Find the angles between the vectors: 

a) kjiu  22    ,   kiv 43     

  

2) The Cross product 

The cross product is also called vector product because the product 

results a vector.  

 

 

Def.: The cross product n )sin   u(  vvu  , n unit vector (normal) 

perpendicular to the plane. 

 

 
Note: The vector    vu  is orthogonal to both        and   vu   
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Parallel vectors 

Nonzero vectors      and   vu are parallel if and only if 0   vu . 

 

Properties of the cross product 

If     wand      ,  vu  are any vectors and r , s are scalars, then 

         1)  ))(()()( uvrssvru   

         2)  wuvuwvu  )(  

         3)  uwuvuwv  )(  

         4)   vuuv   

         5)  00 u  

Notes: 
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Calculating Cross product using determinants 

If  k321 ujuiuu   and k321 vjvivv  , then  

          

321

321

vvv

uuu

kji

vu   

Example:  

Find vu  and uv  if k2  jiu  and k34  jiv  

 

-n 

uv  
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Solution 

 

10k6j2i    )-( 

10k6j--2i       
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Example: Find a vector perpendicular to the plane of )0,1,1( P , )1,1,2( Q  and 

)2,1,1(R .  

Solution 

The vector PRPQ  is perpendicular to the plane because it is 

perpendicular to both vectors.  

        kjikjiPQ  2    )01()11()12(  

kjikjiPR 222-    )02()11()11(   

6k6i                  

        

 
22-

21
  

22-

1-1
 -  

22

1-2
    

222

121







 kji

kji

PRPQ

 

Example: Find a unit vector perpendicular to the plane of 

)0,1,1( P , )1,1,2( Q  and )2,1,1(R .  

Solution 

Since PRPQ  is perpendicular to the plane, its direction n is a unit vector 

perpendicular to the plane  

                        
2

1
    

2

1
    

26

6k6i
    ki

PRPQ

PRPQ
n 







  
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Calculating the Triple scalar product (volume): also called Box product 

321

321

321

 )(

www

vvv

uuu

wvu   

 

Example:  Find the volume of the box determined by k2  jiu , k32  iv  and 

k47  jw . 

Solution 

      23-   

470

302

121

 )( 







 wvu  

The volume is 23   )(  wvu  units cubed. 

 
 

 


