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Vector Functions: 

 

  

 

 

Position, Velocity, Acceleration and speed Vectors. 

Let  r(t) = x î  + y ĵ  + z k̂ the position of a particle moving along a curve  then the 

velocity is the derivative of r 

kji ˆˆ ˆ 
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dt

dz

dt
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dt

dx

dt

trd
V   

The acceleration is )(ta


 

kji ˆˆ ̂ 
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dt

zd

dt
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xd
a   

The magnitude of the velocity vector= speed = 
222

zyx vvv v  

Example: Find the position, velocity, speed and acceleration the given value of t. 

a) jtittr 32)(   at t=2 

Position:  jir 84)2(    

velocity: jivjttitv 124)2(32)( 2   

 

 speed: 104160)12(4)2( 22 v  

 

acceleration:  jiatjita 122)2(62)(   

b) kejetitr tt 43)(   at t=0 

Position: jkjir 430)0(      

velocity: kjivkejeitv tt 43)0(43)(   

 

 speed: 26431)0( 22 v   

 

acceleration:  kjiakejeita tt 430)2(430)(   

Scalar acceleration   525)4(3)0( 22 a  
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The Unit Tangent and Unit Normal Vectors 

 

 

Or  

  

For all t , T(t) gives a vector of magnitude 1 in the direction of motion. Note that T(t) 

very likely changes when t changes. 

For example 

Let 

  

 
Solution: 

 
and 
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The  unit normal  vector 

 

 

 
Example: 

 

 

 
Solution: 
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Example: Find unit vectors tangent and normal to the curve 
2

1

2

3


x

y  at point (1,1). 

)1,1(int0
2

3 2

1 poatx
dx

dy
ym   

gentm tan
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3j2ibjai)A(ctor  Tangent ve 


 

2ji3ajbi)B( vector  Normal 

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ji

A
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3

13
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
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
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B
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2
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3
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









 

 

Example: 

 

Find unit vectors tangent and normal to the curve 2xy   at point (2,4). 

)4,2(int21 poatx
dx

dy
ym   

4jiajbi)A(ctor  Tangent ve 


 

ji
ji

A

A

17

4

17

1

161

4
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down word pointingVector 4)40()21(11 jijiPP 
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Lines and Planes in Space 

In the plane, a line is determined by a point and a number giving the slope of the 

line. In space a line is determined by a point and a vector giving the direction of the 

line.  

Equations for a line 

Suppose that   L   is a line in space passing through a point ),,( 0000 zyxP  parallel 

to a vector k321 vjvivv  . Then L is the set of all points ),,( zyxP  for which PP0  is 

parallel to  v . 

 

The standard equation of the line through ),,( 0000 zyxP  parallel to k321 vivivv   is: 

  t-     ,                   ,              ,       000 tvzztvyytvxx  

             and )  ,    ,  (),,( 000 tvztvytvxzyx   

Note: To write the equation of a line in 3D space, we need a point on the line and a 

parallel vector to the line. 

 

Example: Find the equations for the line through )4,0,2(  parallel to k242  jiv . 

Solution 

With ),,( 0000 zyxP  equal to )4,0,2(  and  k321 vjvivv   equal to k242  jiv  

  24        ,       4       ,       22 tztytx   



 

 

 

7 
 

Northern Technical university  

Engineering Technical College of Mosul 

Dept. of Computer Engineering Technology 

Second year 

Vectors 

Example: Find the equations for the line through )3,2,3( P  and )4,1,1( Q  . 

Solution: The vector k734  jiPQ  is parallel to the line and equation with 

)3,2,3(),,( 000 zyx  give  

   73        ,       32       ,       43 tztytx   

We could have choose )4,1,1( Q  

   74        ,       31       ,       41 tztytx   

 

Equation of the Plane in space  

Consider the plane containing the point ),,( 0000 zyxP   and normal vector n = [a, b, c ]  

perpendicular to the plane. 

 
],,[ CBAn   

 

 

The plane consists of all points P = (x, y, z) for which the vector 


0PP  is orthogonal to 

the normal vector n = ],,[ CBA . Since 


0PP  and n are orthogonal,  the following 

equations hold: 

0


PQn  

 

0],,[],,[ 000  zzyyxxCBA  

 

0)()()( 000  zzCyyBxxA  
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This gives the standard equation of a plane. If we expand this equation we obtain the 

following equation: 

0)()()( 000  zzCyyBxxA  

    or    000D  e      wher,      CzByAxDCzByAx   

 

Example.: Find an equation for the plane through )7,0,3(0 P  perpendicular to 

 k25  jin . 

Solution 

2225

072155

0)7)(1()0(2))3((5

0)()()( 000









zyx

zyx

zyx

zzCyyBxxA

 

Notice in this example how the components of k25  jin  become the coefficients 

of  zandyx           ,    in equation 2225  zyx . The vector kCBjAin  is 

normal to the plane  DCzByAx  . 

Ex.: Find an equation for the plane through  )0,3,0(  and  )0,0,2( ,  )1,0,0( CBA . 

Solution 

 We find a vector normal to the plane and use it with one of the point to write 

            an equation for the plane. 

      The cross product: 

     6  2  3    

130

102 kji

kji

ACAB 



  is normal to the plane. 

                         
6623

0)1(6)0(2)0(3





zyx

zyx
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Lines of intersection 

- Two lines are parallel if and only if they have the same direction. 

- Two planes are parallel if and only if their normals are parallel. 

- The planes that are not parallel intersect in a line. 

Ex.: Find a vector parallel to the line of intersection of the planes 15263  zyx   and  

522  zyx . 

Solution: The line of intersection of two planes is perpendicular to both planes' 

normal vectors 21   and  nn  and therefore parallel to  21  nn  . i.e. 21  nn     is a vector 

parallel to the planes' line of intersection.        51  2  41    

212

26321 kji

kji

nn 



  

Ex.: Find the point where the line     ,    , tztytx  122
3

8
intersects the plane 

6623  zyx   

Solution 

 The point 







  1  ,  2  , 2

3

8
ttt  

  

   

-1t                                                 
-88t                                               

66t64t-6t8                     

6   6  2 















 ttt 122

3

8
3

 

The point of intersection is  0) , 2  ,  
3

2
(    ),,( 1 tzyx  

Angles between planes 

The angle between two intersecting planes is defined to be the angle determined by 

their normal vectors. 

Ex.: Find the angle between the planes 15263  zyx   and  522  zyx  
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Solution 

The vectors  k2631  jin   and  k222  jin  are normal to the planes. The angle 

between them is 

 























 






21

4
cos   

cos

1

21

211

nn

nn


 

 

Div, Grad, Curl & the Laplacian 

 

Div, Grad and Curl are used to give information about a vector field. (A vector 

field is a field where each point can be described as a vector.) All three of these 

require knowledge of calculus, namely differentiation and partial differentiation. 

Div, grad and curl all utilise the symbol   (del or nabla).   

  represents the vector i j k
x y z x y z

      
   

      

ˆˆ ˆ, ,  

 
    

 

Divergence 
 

Div is used to measure the density of a vector field in order to see how quickly matter 

is moving into and out of a region. 

 

Div is calculated from a vector and the result is a scalar. 
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F   is used to denote divergence. 

 

Divergence is found by taking the dot product of   and the vector. 

 

yx z
FF F

F
x y z

 
    

  
 

 

Here , ,x y zF F F  are the components of the vector F . 

 

To calculate Div differentiate the first component with respect to x , then differentiate 

the second component with respect to y  and differentiate the third component with 

respect to z . Finally, add the results of the 3 differentiations together. 

 

Examples: 

1 If 2 ˆˆ ˆ2 3F x i xyj z k   , then 

F x xy z
x y z

x z

  
    

  

  

2(2 ) (3 ) ( )

      2 3 2

 

 

 

2 If 2 ˆˆ ˆ2 3F x i zj xyk    then 

F x z xy
x y z

x x

  
     

  

   

2( ) (2 ) ( 3 )

      2 0 0 2

 

Note that the results do not include ˆˆ ˆ, ,  or i j k , they are scalars. 

 

Exercise: Find the divergence of the following vector fields: 

a) 24 2 3 ˆˆ ˆF x y i yzj zk          

b) 23 2 2 ˆˆ ˆF y i x yj yzk    

c) 3 2 3 2 2 ˆˆ ˆcos sin cosF x i y xj z xk    

d) 2 23 ˆˆ ˆx x xzF e i y e j e k    

Gradient: The gradient or Grad is used to find where in the field the gradient is 

changing the most rapidly. The gradient function is used on a scalar and the result is a 

vector. 

 

f f i f j f k
x y z

  
   

  
ˆˆ ˆ( ) ( ) ( )  
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Here f  is the scalar that you are differentiating. 

To calculate Grad differentiate the whole function with respect to x . This gives the î  

component. Next differentiate the original function with respect to y . This gives the ĵ  

component. Finally repeat for z , giving the k̂  component. 

Examples 
 

1 If 22 3( , , )f x y z z yx   then  

2 2 22 3 2 3 2 3

3 3 4

f z yx i z yx j z yx k
x y z

y i xj zk

  
      

  

  

ˆˆ ˆ( ) ( ) ( )

ˆˆ ˆ    

 

 

 

2 If 25 2( , , ) cosf x y z xyz xy x    then 

2 2

2

2 2

5 2 5 2

5 2

5 2 5 2 10

f xyz xy x i xyz xy x j
x y

xyz xy x k
z

yz y x i xz x j xyz k

 
      

 


  


     

ˆ ˆ( cos ) ( cos )

ˆ( cos )

ˆˆ ˆ( sin ) ( ) ( )

 

 

Exercise : Find the gradient vector for the following: 

a) 2 23 2f x y yz xz         

b) 2 2 33f x y z  

c) 2cos sin sinf x y z x xy z      

 

Curl 
Curl is used to determine the amount of rotation of a vector field. If the curl of a vector 

field is zero, then it is said to be ‘irrotational’, i.e. it does not rotate. The curl  is used 

on a vector and the result of calculating the curl is also a vector. 

 

Calculating the curl is very similar to calculating the cross product of two vectors and 

is denoted F .  The main difference is that the first vector that is used here is 

x y z

   
   

   
, , . 

The formula for curl is: 
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y yx xz z
x y z

x y z

i j k
dF FF FF F

F i j k
y z x z x y

F F F

  
  

      
           

         

ˆˆ ˆ

ˆˆ ˆ-  

To calculate the curl, first write out the determinant with ˆˆ ˆ, ,i j k as the top row,   as the 

second row and the vector F  as the third. The next step is to work it out as if it were 

the cross product. The difference here is that instead of finding pairs to multiply 

together, you are finding out which part of F  will be differentiated by , ,  or  x y z  

Examples 

1  If 2 ˆˆ ˆ2 3F x i zj xyk    then 

i j k

F
x y z

x z xy

xy z i xy x j z x k
y z x z x y

  
 

  



         
          

         

2

2 2

ˆˆ ˆ

2 3

ˆˆ ˆ( 3 ) (2 ) ( 3 ) ( ) + (2 ) ( )

      ˆˆ ˆ3 2 3 0 0 0

ˆ ˆ( 3 2) 3

x i y j k

x i yj

       

   
 

 

2 If 2 2 ˆˆ ˆ2 3F xy z i xyj z k   , then 

     

i j k

F
x y z

xy z xy z

z xy i z xy z j xy xy z k
y z x z x y

i xy j y xyz k

xy j y xyz k

  
 

  

         
         

         

     

  

2 2

2 2 2 2

2

2

ˆˆ ˆ

2 3

ˆˆ ˆ( ) (3 ) ( ) (2 ) (3 ) (2 )

ˆˆ ˆ0 0 0 2 3 4

ˆˆ2 (3 4 )

 

Exercise: 

Calculate the curl of the following vector fields: 

a) 2 3 ˆˆ ˆF x y i z yj xk       

b) 2 3 2 3 ˆˆ ˆF y z i x z j yk    

c) 3 2 3 2 ˆˆ ˆcos sin cosF y x i x zj yk    
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Possible combinations of Div, Grad and Curl 

Which combinations work depends on whether the result of the first process 

produces a vector or a scalar. 

As Grad produces a vector, it is possible to find Div(Grad) and Curl(Grad). As Div 

produces a scalar it is possible to find Grad(Div). As Curl produces a vector, it is 

possible to find Div(Grad), and as Curl also works on vectors, you can find Curl(Curl) 

too. 

 
The Laplacian 
  

The Laplacian is denoted by 2 . 
2 2 2

2

2 2 2x y z

  
   

  
 

The Laplacian works on scalars and produces a scalar result. 

 

To find 2 f , find the first derivative of f with respect to , ,  and x y z . Then find the 

second derivative of each and, finally add up your results  
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Example: Given 2 23f x y xz  , find 2 f . 

2 2 2
2

2 2 2

2 2 2
2 2 2 2 2 2

2 2 2

2 2

3 3 3

6 3 2

6 0 2 6 2

f f f
f

x y z

x y xz x y xz x y xz
x y z

xy z x xz
x y z

y x y x

  
   

  

  
     
  

  
   
  

    

( ) ( ) ( )

      ( ) ( ) ( )

 

Exercise: 
Find the Laplacian of the following functions:     

a) 2 33x yz       

b) 2 4 33xy z x y  

 

 

 


