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Vector Functions:
A function r : R — V), 1s called a vector-valued function.

That is, the input is a real number and the output is a vector.

r(t) = (f(1),9(t), k(1)) = f(t)i + g(t)j + R(t)k.
We call f(t),g(t), h(t) the component functions of r.

Position, Velocity, Acceleration and speed Vectors.
Let r(t) = xi +yj + zk the position of a particle moving along a curve then the

velocity is the derivative of r

v 9K o o e
dt dt dt” dt

The acceleration is &(t)
_ d 2X ~ d 2y ~ d 2Z ~

dt? ' dt? J+dt2 :

The magnitude of the velocity vector= speed = M = V2 + v§ +Vv?

Example: Find the position, velocity, speed and acceleration the given value of t.
a) r(t)=t’i-t*j att=2

Position: r(2)=4i—-8j

velocity: v(t) =2ti—3t*j —>v(2) =4i-12]j

a

speed: V(2)|= 4% +(-12) =+/160 = 4410
acceleration: a(t)=2i—-6t] »>a(2)=2i-12j

b) r(t)=ti+3e'j+4e'k att=0
Position: r(0) =0i+3j+4jk

velocity: V(t) =i+3e'j+4e'k ->v(0)=i+3j+4k
speed:|v(0)| = v1+3? + 4% = /26

acceleration: a(t) =0i +3e'j +4e'k »>a(2)=0i +3j + 4k

Scalar acceleration [a(0)| = /3> +(4)* =25 =5
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The Unit Tangent and Unit Normal Vectors

Let r(¢) be a differentiable vector valued function and v(t) =r'(t) be the velocity vector.

Then we define the wunit tangent vector by as the unit vector in the

direction of the velocity vector.

)
TO = ol
Or
)
TE = 1@l

Forall t, T(t) gives a vector of magnitude 1 in the direction of motion. Note that T(t)
very likely changes when t changes.
For example
Let
r(t) = ti+e'j — 3’k
Find T(¢) and T(0).

Solution:
v(t) =r'(t) = i +€'j — 6tk
and

[v(t)]] = /1 + e + 36¢°.
To find the unit tangent vector, we just divide

Cut) i4etj—6tk
V(D) V1+eX+ 3682

T(t)

To find T'(0) plug in O to get
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i+e'j—6(0)k

T(0) =

V/1+ €2 +36(0)2

-

V2
The unit normal vector
Let r(t) be a differentiable vector valued function and let T(t) be the unit tangent vector.

Then the princijpal unit normal vector N(t) is defined by
T(¢)
1T ()]

Example:
Find the unit normal vector for the vector valued function

N(t) =

r(t) =ti + £
and sketch the curve, the unit tangent and unit normal vectors when ¢ = 1.

Solution:
First we find the unit tangent vector

i1 9
Ty = 2
V1 + 4¢?
Now use the quotient rule to find T'(¢)

1

(1+4£2)3 (2§) — (i + 2tj)4¢(1 + 442)

1+ 4¢2 '
Since the unit vector in the direction of a given vector will be the same after
multiplying the vector by a positive scalar, we can simplify by multiplying by the
factor

T'(t) =

(1+4£2)(1 +482)3.

T (£)(1+ 462) (1 + 4¢2)2 = (1 +4¢2)(2j) — (i + 2tj)4t
— 41+ 2j.
Now we divide by the magnitude (after first dividing by 2) to get

3
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 —2ti+]

N(t) = .
v 1+ 442

Now plug in ¢ = 1 for both the unit tangent vector to get

T(1) =

T

\\\th M)

—_
—a
]
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3

mlzy'Z%ZgX2+O at point (1,1)
3
m, =~ tan gent
2 y
m.m, =-1

%
m.o._—S_~2a AB = ai + bi '
2 b _
jon A

— C e e A al
Tangent vector (A) =ai+bj=2i+3j

g -
Normal vector (B) = bi—aj = 3i — 2] (1.0 X

%
9

Unit vector (u) = _2a+3) 2 . 3

A .
— = = i+

A Ja+9 13 NER
%

> B 3i-2j 3. 2

Unitvector(u):ﬁzm_mpmj

Example:
Find unit vectors tangent and normal to the curve y = x* at point (2,4).
dy .
m, =y =—=2X at point (2,4
1 y dx p ( ) y
%

Tangent vector (A)=bi+aj=i+4j

2 el B
Unit vector (G)):A: 1+4] = 1 i+ 4 j

A Ji+16 V17 W17 >
m=YeV o 4470 = ~u=l1 o '/

X, — X, 2-uU

9
PP =(1-2)i+(0-4)j=-i—4j  Vector pointingdown word
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Lines and Planes in Space
In the plane, a line is determined by a point and a number giving the slope of the
line. In space a line is determined by a point and a vector giving the direction of the

line.
Equations for a line

Suppose that L is a line in space passing through a point P,(x,,y,,z,) parallel
to a vector v=v,i+v,j+v,k. Then L is the set of all points P(x,y,z) for which PP is

parallel to v.

ZA

Y

The standard equation of the line through P,(x,,y,,z,) parallel to v=v,i+v,i+vk is:

X=X, +tv. y=Y,+tv , Z=12,+tv , -oomtmoo

and (x,y,z) =(X, +tv, y, +tv , z, +tv)

Note: To write the equation of a line in 3D space, we need a point on the line and a
parallel vector to the line.

Example: Find the equations for the line through (-2,0,4) parallel to v=2i+4j-2k.
Solution
With P,(x,,,,2,) equal to (-2,0,4) and v=vji+v,j+v.k equal to v=2i+4j-2k

X=-2+2t : y=4t z2=4-2t
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Example: Find the equations for the line through P(-3,2,-3) and Q(1,-14) .
Solution: The vector PQ =4i—3j + 7k is parallel to the line and equation with

(XO' Yoo Zo) = (_3’21_3) give

X=-3+4t y=2-3t z=-3+Tt
We could have choose Q(1,-1,4)
x=1+4t : y=-1-3t : z=4+Tt

Equation of the Plane in space

Consider the plane containing the point P, =(x,,Y,.z,) and normal vectorn=1[a, b, c ]
perpendicular to the plane.

n=[AB,C]

n

" P(x, y, z)
A

r/ r—r.
7 T Ey\

— Po(Xx0, Yo, 2p)

—

Baea
.\'

The plane consists of all points P = (x, y, z) for which the vector P_P0 is orthogonal to

the normal vector n = [A,B,C]. Since PR, and n are orthogonal, the following
equations hold:

-
n-PQ=0
[A’B’C]’[X_Xo’y_YO’Z_Zo]ZO

A(X_xo)"‘B(y_yo)"'C(Z_Zo) =0
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This gives the standard equation of a plane. If we expand this equation we obtain the
following equation:
A(X=X%y)+B(y—Y,)+C(z-2,)=0

or Ax+By+Cz=D , where D= Ax,+By,+Cz,

Example.: Find an equation for the plane through P,(=3,0,7) perpendicular to
n=5i+2j—k.
Solution

A(X=%)+B(y—Y,)+C(z-2,)=0
S(x=(=3)+2(y-0)+(-D(z-7)=0
5x+15+2y-z+7=0
OX+2y—z2=-22

Notice in this example how the components of n=5i+2j—k become the coefficients
of x,y and z in equation 5X+2y—z=-22, The vector n= Ai + Bj+Ckis
normal to the plane Ax+By+Cz=D.
Ex.: Find an equation for the plane through A(0,0,1) , B(2,0,0) and C(0,3,0) .
Solution
We find a vector normal to the plane and use it with one of the point to write
an equation for the plane.
The cross product:
ik
ABxAC =12 0 -1 =3i +2j+6k isnormal to the plane.
0 3 -

3(x-0)+2(y-0)+6(z-1) =0
3X+2y+62=6
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Lines of intersection
- Two lines are parallel if and only if they have the same direction.
- Two planes are parallel if and only if their normals are parallel.
- The planes that are not parallel intersect in a line.
Ex.: Find a vector parallel to the line of intersection of the planes 3x-6y-2z=15 and
2X+y—-2z=5.
Solution: The line of intersection of two planes is perpendicular to both planes’
normal vectors n, and n, and therefore parallel to n xn,.i.e. n,xn, isa vector
i j Kk
parallel to the planes' line of intersection. nxn,=3 -6 -2 =14i +2j+15k
2 1 -2

Ex.: Find the point where the line x = % +2t, y=-2t, z=1+t intersects the plane

3X+2y+62=06

Solution

The point (%+2t, -2t 1+tj

3@+2t) +2(-2t)+6(1+t) =6

8+6t-4t+6+6t=6
8t =-§
t=-1

i i .. 2
The point of intersection is (X,y,2)|,__, = (§ , 2,0)

Angles between planes
The angle between two intersecting planes is defined to be the angle determined by
their normal vectors.

Ex.: Find the angle between the planes 3x-6y—-2z=15 and 2x+y—-2z=5
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Solution

The vectors n, =3i-6j-2k and n, =2i+ j—2k are normal to the planes. The angle

between them is

0 = cos™ (n 'nZ)

Inyn, |
=cosl(ij
21

Div, Grad, Curl & the Laplacian

Div, Grad and Curl are used to give information about a vector field. (A vector
field is a field where each point can be described as a vector.) All three of these
require knowledge of calculus, namely differentiation and partial differentiation.

Div, grad and curl all utilise the symbol v (del or nabla).

v represents the vector 2 2 2 3 |A+i I+ﬁkA
P ox'oy' oz) ox— oy= o1
//
IV A
% ______ . /
== [T RS
%Z’ [ =0 /T
e j e TR\ , \
— i RV RN / /|
—_— / ’HHH“\‘\
(a)A}liloxxr' around an arplane (o) Lammzz ﬂo“ ?l‘.b('f?‘?] (c) Tnverse square force (d) Lines of force around
witE i" s f{)\lczj Hl r}ca field; magnitude two equal positive charges
2 e of the attractive
faster near the center A —
ofthearery the particleb
Divergence

Div is used to measure the density of a vector field in order to see how quickly matter
IS moving into and out of a region.

Div is calculated from a vector and the result is a scalar.
10
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v -F Is used to denote divergence.

Divergence is found by taking the dot product of v and the vector.

oF
oF, Ly OF,
ox oy oz

V-F=

Here F,,F,, F, are the components of the vector F.

To calculate Div differentiate the first component with respect to x, then differentiate
the second component with respect to y and differentiate the third component with

respect to z. Finally, add the results of the 3 differentiations together.

Examples:

1If F=2xi+3xyj+2%k, then
0 0 0,2

V-F=—(2x)+—@3xy)+—(z
6x( ) ay( y) 62( )

=2+3x+2z2

2 If F=x*[+22]-3xyk then
0 . 0 8
V-F =202+ L @22)+ < (-3x
6x( ) 6y( ) 82( y)

=2X+0+0=2x
Note that the results do not include T, j, or k , they are scalars.

Exercise: Find the divergence of the following vector fields:

a) F =4x"yi +2yzj -3k

b) F =3yi +2x%yj+2yzk

C) F =3cos2xi +3ysin2xj +2zcos xk

d) F=3e*i +y%*j+e¥

Gradient: The gr_adient or Grad is used to find where in the field the gradient is

changing the most rapidly. The gradient function is used on a scalar and the result is a
vector.

0 s 0 -~ 0 -
Vf=&(f)L+5(f)J+§(f)K

11
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Here f is the scalar that you are differentiating.
To calculate Grad differentiate the whole function with respect to x. This gives the i
component. Next differentiate the original function with respect to y . This gives the j

component. Finally repeat for z, giving the k component.
Examples

1If f(x,y,z)=2z%+3yx then
Vi = 2(222 +3yx)I + i(222 +3yx) ] + g(222 +3yx)k
OX oy = oz

= 3yi +3x] + 42K

2 If f(x,y,2z)=5xyz" —2xy +cosx then

Vf = §(5xyzz —2xy +cosx)i + %(5Xyz2 — 2Xy +COSX) |
" ]

+ 62(5xyz2 — 2xy + cos X)K
7

= (5yz® — 2y —sinx)I +(5xz* — 2x) ] + (10xyz)k

Exercise : Find the gradient vector for the following:

a) f =x%y+3yz+2xz2

b) f =3x%y?z°

C) f =xcosy+z%sinx+xysinz

Curl

Curl is used to determine the amount of rotation of a vector field. If the curl of a vector

field is zero, then it is said to be ‘irrotational’, i.e. it does not rotate. The curl 1s used
on a vector and the result of calculating the curl is also a vector.

Calculating the curl is very similar to calculating the cross product of two vectors and
Is denoted v xF. The main difference is that the first vector that is used here is

V:(E,Q,Q],
OX oy oz

The formula for curl is:

12
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Pk
B dF oF, i
VxF=|2 2 izﬁ__y e oF, oF, J+ R, :
oX oy oz ay oz |~ a)( az aX 5y LAY

F,F, F

To calculate the curl, first write out the determinant with Lj,@as the top row, Vv as the
second row and the vector F as the third. The next step is to work it out as if it were
the cross product. The difference here is that instead of finding pairs to multiply
together, you are finding out which part of F will be differentiated by x, y, or z

Examples
1If F= x2£+22j—3xyg then

Pk
vxF=|2 o @

Tlox oy @z

x> 2z -3xy

- —( 3xy)——(2z)] - —( 3xy)——(x )] [—(2z)—i<x2)jﬁ

Yy

(an-)7-(-2y-0)j(0-0)d
=(—3X—2)l+3YJ

2 If F =2xy%zi +3xyj + 2%k, then

o

[ 4

vxF=| 2 2 2
OX oy oz

2xyzz 3xy 72

_[952_2 e [0 2y 0 h2 )t [0 oy 0 520
= ay(Z) aZ(3><y)J1 (6)((2) az(2><y Z)jy(ax(Sxy) ay(2><y Z)]K
=(0—0)f—(0—2xy2)i+(3y—4xyz)kA

= 2xy? ] +(3y — 4xyz)k

Exercise:
Calculate the curl of the following vector fields:

a) F=xyi+2%j+xk
b) F =y?zi +x°2° ] +3yk
C) F =3ycos2xi +3xsin2zj +cos yk

13
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grad (scalar function)= Vector Field
div(Vector Field)= scalar function

curl (Vector Field )= Vector Field

Possible combinations of Div, Grad and Curl
Which combinations work depends on whether the result of the first process

produces a vector or a scalar.
As Grad produces a vector, it is possible to find Div(Grad) and Curl(Grad). As Div
produces a scalar it is possible to find Grad(Div). As Curl produces a vector, it is
possible to find Div(Grad), and as Curl also works on vectors, you can find Curl(Curl)
too.

Which of the 9 ways to combine grad, div and curl by taking

one of each. Which of these combinations make sense?

gra ' vdiv (grad (f)) v curl (grad (f))| 0
Vector Fiel Vector Field Vector Field vector
erad (aiv(P)) | TImeES_ | s
scalar function scalar function scalar function
gra ./dfv(curi(F)) 0 /CW!’((‘WE(F))
Vector Field Vector Field |scalar Vector Field

The Laplacian

The Laplacian is denoted by V2.
o?  o* @
=—+—+—
ox?  oy? oz’
The Laplacian works on scalars and produces a scalar result.

V2

To find v?£, find the first derivative of f with respectto x,y, andz. Then find the
second derivative of each and, finally add up your results

14
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Second year
Vectors

Example: Given f =3x%y +xz?, find v?f .

o f . o f . o f

ox*  oy* oz’

o? o? o?

- a—2(3x2y +x2%) + y(szy +x2%) + F(szy + xz°)
X A

V2 =

0 2 0 5 0
=—(6Xy+2°)+—(3x)+—(2xz
6x( y+2°) 6y( ) 82( )

=6y+0+2X=6Yy+2X

Exercise:
Find the Laplacian of the following functions:

a) x*+3yz*
b) xy?z* +3x%
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