Lecture (1)

Complex Number System

Prof. Dr. Salah S. Abd AL-Kareem



The Complex Number System

Backaground:

1. Let a and b be real numbers with a =0.
There 1s a real number r that satisfies the
eguation

ax + b =0;

The equation ax + b = 0 Is a linear equation
In one variable.



2. Let a, b, and ¢ be real numbers with
a = 0. Does there exist a real number
r which satisfies the equation

ax’ +bx+c=07?

Answer: Not necessarily; sometimes

(14

The equation ax” + bx

yes”’, sometimes “no’.

c=0

IS a quadratic equation In one variable.



Examples:
1. X*-5x+6=0; roots:r,=2,r1,=3.

2. X°=2X+5=0: noreal roots!

3. Simple case:

Xx°+1=0: noreal roots



The imaginary number |

DEFINITION: The imaginary number |
IS a root of the equation

x°+1=0.
(—1 Is also a root of this equation.)

ALTERNATE DEFINITION: i¢=-1 or

i =/—1.



The Complex Number System

DEFINITION: The set C of complex
numbers is given by

C={a+bi|a b eR}.

NOTE: The set of real numbers Is a subset
of the set of complex numbers; R <C,

since
a=a+ 01 forevery a eR.



Some terminology

Given the complex number z =a + bi.

*The real number a Is called the real
part of z.

*The real number b is called the
Imaginary part of z.

-The complex number Z=a-Dl
IS called the conjugate of z.



Arithmetic of Complex Numbers

Let a, b, c,and d be real numbers.
Addition: (a+bi)+(c+di)=(a+c)+(b+d)i
Subtraction: (a+bi)—(c+di)=(a—c)+(b—d)i

Multiplication:(a+bi)(c+di) = (ac—bd) + (ad +bc)i



Division:

a4+ Dbl

c+di

CHC
~ (ac+

~a+bl c—di

| c—di
bd) + (

0c—ad)l

2

C° +0

aC4—bd bc - ad

_|_

- ¢2+d?

orovided ¢*+d*=0

C +d2



Field Axioms

The set of complex numbers C satisfies the
field axioms:
-Addition Is commutative and associative,
0 =0 + 01 1s the additive identity, —a—Dbi
IS the additive Inverse of a + Dl.
*Multiplication Is commutative and
assoclative, 1 =1 + 01 Is the multiplicative
identity, a b . isthe
2 2 2 2

a“+b° a“+b

multiplicative inverse of a + D.
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and
 the Distributive Law holds. That is,

If o, B, and y are complex numbers, then

aB +y)=op +ay
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“Geometry” of the Complex Number System

A complex number Is a number of the form
a + bl, where a and b are real numbers.

If we “identify” a + bl with the ordered
pair of real numbers (a,b) we get a point

In a coordinate plane — which we call the
complex plane.
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The Complex Plane

T
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Absolute Value of a Complex Number

Recall that the absolute value of a real number
a Is the distance from the point a (on the
real line) to the origin O.

The same definition Is used for complex
numbers.
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Im

| a+bi|=+a? +b?
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Fundamental Theorem of Algebra

A polynomial of degree n>1

n n-1 2
a X +a X 4 +aX +aX+a,

has exactly n (complex) roots.
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Complex Numbers in Linear Algebra

A coplex gumber 15 a number consisting of a real part and an imaginary part. Complex numbers extend the 1dea of the one-dimensional sumber line
fo the two-dimensional conplex plane by nsing the mumber line for the real part and adding a vertical axis to plot the imagmary part. In this way the
complex mumbers contain the ordmary real mmbers while extending them i order to solve problems that would be impossible with only real
mmmbers,

Im

A a+bi
1 —

; X » fe

Introduction and definition

Complex mumbers have been mtroduced to allow for solutions of certain equations that have no real solution:
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the equation x2+1={

has no real solution x, since the square of x is 0 or positive, so x"2 + 1 cannot be zero. Complex mumbers are a solution to this problem. The idea is to
enhance the real numbers by adding a mumber 1 whose square 15 -1, so that x =1 and x = -1 are the two solutions to the preceding equation.
[edif[Definition

A complex number 13 an expression of the form

where a and b are real mumbers and 1 13 a mathematical symbol which 15 called the imagwary nmt. For example, -3.3 + 21 15 2 complex mmber

Elementary operations

Addition and subtraction

Addition of two complex numbers can be done geometrically by constructing a parallelogram
Complex munbers are added by adding the real and imaginary parts of the summuands. That is to say:

(i) = (ol

Sumilarly, subtraction is defined by
(i (cHd) = (o
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Multiplication and division

The tufupbeateon of o comple auaibers 1 defne by theJollowuag formlz
) ) = (ac-hd{adbe

Inpartiolar, the sqae of the tmammary vt 5 -]
(1=4=]

The divston of o complex muabers  defoed by the ollowng onmla
) (et = (= e 2d2) = o) [ 24



Complex Matrix

Definition: A matrix whose elements may contain complex numbers.

LetA= 41 -2+h B= 21 34 C=1+d i
G -M 5h -5 31 8
£h 14

() A+B= (@424  (243)(G4) = 6 14
EHH5+2)  (B3)HTS5) 461 742

(b) CA=(1+2i)(d+)+(i)(6+4) (U233 = 24150 -5
(3-)(44HB)(6+40) (3-0)(-2+30)+(8)(-31) 61+31i 313
@A AHHID6EH)  @20)E2+30H1H)30) U100 17450

(© (4B = (4)24) (QH)(34) = 3 10-51

QHH)  HHS) B0 1943



